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Abstract
In this article we deduce a mathematical model of Maxwell-Stefan type for a reactive
mixture of polyatomic gases with a continuous structure of internal energy. The equations
of the model are derived in the diffusive limit of a kinetic system of Boltzmann equations
for the considered mixture, in the general non-isothermal setting. The asymptotic analysis
of the kinetic system is performed under a reactive-diffusive scaling for which mechanical
collisions are dominant with respect to chemical reactions. The resulting system couples
the Maxwell-Stefan equations for the diffusive fluxes with the evolution equations for the
number densities of the chemical species and the evolution equation for the temperature of
the mixture. The production terms due to the chemical reaction and the Maxwell-Stefan
diffusion coefficients are moreover obtained in terms of the collisional kernels and parameters
of the kinetic model.
Keywords: Maxwell-Stefan system, Reaction-diffusion equations, Kinetic theory, Boltzmann equa-
tion, Polyatomic gas mixtures, Chemical reactions, Diffusive limit.
AMS Subject Classification: 82C40, 76P05, 80A32, 35K57, 80A30, 76R50.
1 Introduction
Realistic models of multicomponent diffusion phenomena are crucial for many applications in fluid me-
chanics and chemistry. In the case of isothermal non-reactive gaseous mixtures, composed of at least three
different constituents, the diffusive behavior of the species is well described by the equations introduced
by Maxwell and Stefan in [31, 38], which provide a more general and appropriate framework than the
standard Fickian approach [20, 21].
Despite the popularity of Maxwell-Stefan model and its irreplaceability for many applications in
chemical engineering [30, 39], the mathematical properties of the Maxwell-Stefan diffusion equations
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have only recently been investigated. In particular, the first studies have been devoted to the matrix
formulation of the gradient-flux relationships (see [23] and the references therein). Subsequently, the well-
posedness and the long-time behavior of the solutions of the Maxwell-Stefan system (or some variants)
have been studied in [11, 14, 16, 25, 28, 29], the numerical simulation of the Maxwell-Stefan system has
been the subject of [9, 14, 22, 32], and the relationships between Fickian diffusion and the Maxwell-
Stefan model have been analyzed in [12, 37]. By following the research line initiated by Bardos, Golse
and Levermore in the Nineties – whose goal was the derivation of the equations of fluid mechanics
starting from the Boltzmann equation [2, 3] – several articles have carried out the formal derivation of
isothermal multicomponent Maxwell-Stefan type diffusion equations starting from the Boltzmann system
for monatomic non-reactive gaseous mixtures [12, 13, 15, 26, 27]. The diffusive limit in a reactive mixture
described by the simple reacting sphere kinetic model (SRS), which retains the main features of the
reaction mechanism without taking into account the internal degrees of freedom of the particles, has been
investigated in [1].
However, if we consider gaseous mixtures composed of polyatomic gases, with vibrational and ro-
tational degrees of freedom, the standard monatomic models are no longer valid and the presence of
possible chemical reactions in the mixture can considerably modify the behavior of the system, making
the model non-isothermal and non-conservative (at the level of the single species). The derivation of the
precise structure of the equations describing the diffusive regime in this situation is – of course – crucial,
and this is precisely the goal of the present article.
Our approach consists in obtaining the macroscopic equations starting from a kinetic system of equa-
tions defined in the phase space, under the diffusive scaling. We treat the effects of the binary interactions
between particles as a simple scattering event involving, at the microscopic scale, only some fundamental
laws (in particular, the conservation of momentum and of the total energy), without needing supplemen-
tary phenomenological hypotheses. Because of the solidity of the kinetic structure, the main macroscopic
collective features of the system can subsequently be rigorously deduced by means of an appropriate
limiting procedure of the kinetic model, rather than heuristically introduced in the macroscopic model.
The result of this approach is a hierarchy of simpler models, which are validated by a precise asymptotic
study considering the order of magnitude of the relevant parameters, and are suitable to be applied in
some particular regime.
In the literature, there is a variety of kinetic models which have been proposed to go beyond the
monatomic and non-reactive setting. Polyatomic non reactive mixtures have been studied at the kinetic
level, for example, in [7, 8, 17, 18], whereas various kinetic models for polyatomic reactive mixtures have
been derived in [5, 6, 19, 24].
The polyatomic structure of particles may be modeled by means of a set of discrete internal energy
levels, or through a proper continuous internal energy variable. The basic features of the discrete lev-
els description may be found in [23], while the state of art of kinetic and Extended Thermodynamics
approaches with a continuous energy have been summarized in [36].
In this article we consider, as starting point, the kinetic system proposed in [19], based on the
Borgnakke-Larsen procedure [10], because of its main features and advantages detailed in [19]. The
model introduced in [19] describes indeed a mixture of reactive polyatomic gases by adding to the usual
independent variables of the phase-space of the system (time t, position x and velocity v) a continuous
internal energy variable I ∈ R+, which governs, together with the kinetic energy, the binary encounters
– both of reactive and of non-reactive type. By carefully choosing a set of measures ϕi(I)dI, the model
is moreover consistent, at the macroscopic level, with the energy law of any type of polyatomic gas, and
it does not need to take into account a large number of discrete energy levels.
In our article, for the sake of clarity, we limit our study to a quaternary mixture of polyatomic gases
in the presence of a reversible chemical reaction of bimolecular type. This framework allows us to work in
the general non-isothermal setting and to derive from the kinetic equations, at the formal level, a coupled
system of equations which governs the diffusion phenomena in the mixture in the presence of chemical
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reactions.
More specifically, the set of equations obtained in this way include the evolution equations for the
chemical species, the Maxwell-Stefan equations for the diffusive fluxes and the evolution equation for the
temperature of the mixture. Of course, generalizations to more complicated mixtures are possible by
introducing straightforward modifications in the computations.
With respect to the standard isothermal non-reactive Maxwell-Stefan system, the equations obtained
in this article show some crucial differences. First of all, the continuity equations for the various species,
which would assure the conservation of the molar densities of the species, are replaced by balance equa-
tions, whose right-hand side takes into account the effects of the chemical reactions on the densities of
the reactants. The balance terms, once the equilibrium is reached, guarantee the validity of the law of
mass action, which depends on the internal energy structure of the species, on the temperature of the
mixture and on the reaction heat E. We need moreover to take into account the energy balance due to
the effects of the chemical reactions.
We highlight that the target equations derived in this article are, up to the best of our knowledge,
the only ones which take into account both the polyatomic structure of the constituents of the mixtures
and the effect of chemical reactions in the non-isothermal setting.
The structure of the article is the following. After introducing, in Section 2, the model governing
the reactive mixture of polyatomic gases proposed in [19] and its main properties (conservation laws,
equilibrium states, chemical rates and H-theorem), we consider in Section 3 the scaled system in the
diffusive regime. Finally, the limiting diffusive equations for the reactive mixture are deduced in Section 4.
The conclusion, in Section 5, which summarizes our results, is followed by an appendix which gathers
some technical computations that are necessary for deducing the results of Section 4.
2 The model for a reactive mixture of polyatomic gases
In this section we briefly present the kinetic model proposed in [19] for a quaternary reactive mixture
of polyatomic gases with a continuous structure of internal energy. We restrict our presentation to the
kinetic equations, the central aspects of the collisional dynamics, conservation laws, equilibrium states
and H-theorem.
Following [19], we consider a quaternary mixture of species A1, A2, A3 and A4, participating in the
reversible chemical reaction of type
A1 +A2 ⇌ A3 +A4 . (1)
For each species Ai, with i = 1, 2, 3, 4, we introduce its distribution function fi which depends on time
t ∈ R+, position x ∈ R3, velocity v ∈ R3 and on the internal energy variable I ∈ [0,+∞[. For sake of
simplicity, in many cases we omit the dependence of each fi on t and x, and write fi(v, I). Sometimes
we simply write fi.
We denote the molecular mass of each species by mi and the chemical binding energy by Ei. Fur-
thermore, we introduce a weight ϕi(I), which aims at obtaining the energy law of polyatomic gases and
the mass action law of chemical kinetics. With reference to the chemical reaction (1), the conservation
of mass requires that
m1 +m2 = m3 +m4 = M, (2)
and the balance of binding energies is specified by the reaction heat
E = E3 + E4 − E1 − E2, (3)
such that E > 0 means that the forward reaction A1 + A2 → A3 + A4 is endothermic whereas E < 0
indicates that it is exothermic.
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An important aspect of the present description is that the moments of the distribution function fi(t,x,v, I)
are defined in L1
(
ϕi(I)dIdv
)
. In particular, the number density ni, mass density ̺i, mean velocity ui
and temperature Ti of each species are respectively given by
ni(t,x) =
∫
R3
∫ +∞
0
fi(t,x,v, I)ϕi(I) dI dv, (4)
̺i(t,x) = mini(t,x), (5)
ui(t,x) =
1
ni(t,x)
∫
R3
∫ +∞
0
vfi(t,x,v, I)ϕi(I) dI dv, (6)
Ti(t,x) =
1
3kBni(t,x)
∫
R3
∫ +∞
0
mi|v − ui(t,x)|2fi(t,x,v, I)ϕi(I) dI dv. (7)
2.1 Collisions and Borgnakke-Larsen procedure
The particles of the mixture undergo binary collisions, either of elastic or reactive type. Elastic collisions
can occur among particles of the same constituent (mono-species elastic collisions) as well as among
particles of different constituents (bi-species elastic collisions). The mono-species and bi-species elastic
collisions result in changes in velocities and internal energies but do not modify the species and conse-
quently do not modify the molecular masses of the colliding particles. If we denote the velocities and
internal energies of the colliding particles before the collision by vi, vj and Ii, Ij respectively, and their
corresponding post-collisional values by v′i, v
′
j and I
′
i , I
′
j , the conservation laws of momentum and total
energy for elastic collisions are given by
mivi +mjvj = miv
′
i +mjv
′
j , (8)
1
2
mi|vi|2 + Ii + 1
2
mj |vj |2 + Ij = 1
2
mi|v′i|2 + I ′i +
1
2
mj|v′j |2 + I ′j . (9)
In particular, i 6= j for bi-species collisions and i = j for mono-species collisions. In the latter case, we
use the indices i and i∗ to distinguish the velocities and internal energies of the two colliding particles.
On the other hand, reactive collisions occur among particles of constituents A1, A2 or A3, A4 and
follow the reaction law (1). These reactive collisions result not just in changes in velocities and internal
energies but also result in a transformation of the reactants into products of the reaction. Consequently,
they imply a rearrangement of mass and a redistribution of chemical binding energy. If Ai, Aj and Ak,
Al represent the reactants and products of the chemical reaction, with (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3)}
and (i, j, k, l) ∈ {(3, 4, 1, 2), (4, 3, 2, 1)} for the forward and backward chemical reactions respectively, the
conservation laws of momentum and total energy (kinetic and internal energies as well as chemical binding
energy) for reactive collisions are given by
mivi +mjvj = mkv
′
k +mlv
′
l, (10)
1
2
mi|vi|2 + Ii + Ei + 1
2
mj|vj |2 + Ij + Ej = 1
2
mk|v′k|2 + I ′k + Ek +
1
2
ml|v′l|2 + I ′l + El. (11)
Equation (11) can be written in an equivalent form as
1
2
mi|vi|2 + Ii + 1
2
mj |vj |2 + Ij − E
2
=
1
2
mk|v′k|2 + I ′k +
1
2
ml|v′l|2 + I ′l +
E
2
, (11a)
where E has been defined in (3).
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As usual in kinetic theory, the post-collisional velocities can be expressed in terms of pre-collisional
velocities and the corresponding expressions for both elastic and reactive collisions are derived from the
conservation laws (8),(9) and (10),(11) respectively. In order to give these expressions, we describe first
the Borgnakke-Larsen procedure [10]. Such procedure is based on the repartition of the total energy of
the colliding pair into kinetic and internal energies, when the collisions are of elastic type, or into kinetic,
internal and chemical binding energies, when the collisions are of reactive type. Let us consider first
elastic collisions and compute the total energy E of the colliding pair. In the centre of mass reference
frame, due to the conservation laws (8) and (9), we have that
E = 1
2
µij |vi − vj |2 + Ii + Ij = 1
2
µij |v′i − v′j |2 + I ′i + I ′j , (12)
where µij = mimj/(mi +mj) is the reduced mass of the colliding pair, vi − vj and v′i − v′j are the
relative velocities before and after the collision. Next we introduce a parameter R∈ [0, 1] and attribute
the portions RE and (1−R)E of the total energy to the kinetic and internal energies, respectively, of the
outgoing pair, that is
1
2
µij |v′i − v′j |2 = RE and I ′i + I ′j = (1−R)E . (13)
The first equation of (13) can be parametrized by a unit vector ω ∈ S2 to obtain
v′i − v′j =
√
2RE
µij
Tω
[
vi − vj
|vi − vj |
]
, (14)
where Tω[x] = x− 2(ω · x)ω is the symmetry with respect to the plane {ω}⊥.
Furthermore, we introduce another parameter, r ∈ [0, 1], and allocate the portions r(1 − R)E and
(1 − r)(1 −R)E of the internal energy to each outgoing particle, that is
I ′i = r(1 −R)E and I ′j = (1 − r)(1 −R)E . (15)
As a consequence of the Borgnakke-Larsen procedure [19], using the conservation law (8) together
with (14), we can express the elastic post-collisonal velocities in terms of pre-collisonal velocities as
given below
v′i =
mivi +mjvj
mi +mj
+
mj
mi +mj
√
2RE
µij
Tω
[
vi − vj
|vi − vj |
]
,
(16)
v′j =
mivi +mjvj
mi +mj
− mi
mi +mj
√
2RE
µij
Tω
[
vi − vj
|vi − vj |
]
.
In the particular case of mono-species elastic collisions, the post-collisional velocities are given by
v′i =
vi + vi∗
2
+
√
RE
mi
Tω
[
vi − vi∗
|vi − vi∗ |
]
,
(17)
v′i∗ =
vi + vi∗
2
−
√
RE
mi
Tω
[
vi − vi∗
|vi − vi∗ |
]
.
Concerning now reactive collisions associated to the forward chemical reaction, we denote by E∗ the total
energy of the colliding pair. In the centre of mass reference frame, due to the conservation laws (10)
and (11a), we have that
E∗ = 1
2
µ12|v1 − v2|2 + I1 + I2 − E
2
=
1
2
µ34|v′3 − v′4|2 + I ′3 + I ′4 +
E
2
. (18)
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Introducing the parameters R, r ∈ [0, 1] and assuming the following repartition of the total energy into
kinetic and internal energies of the outgoing particles, namely
1
2
µ34|v′3 − v′4|2 = RE∗ −
E
6
, I ′3 + I
′
4 = (1−R)E∗ −
E
3
, (19)
with
I ′3 = r(1 −R)E∗ −
E
6
, I ′4 = (1− r)(1 −R)E∗ −
E
6
, (20)
we obtain that the first equation of (19) can be parameterized by a unit vector ω ∈ S2 as given below
v′3 − v′4 =
√
2
µ34
(
RE∗ − E
6
)1/2
Tω
[
v1 − v2
|v1 − v2|
]
. (21)
Using (21) together with the conservation law (10), we can express the reactive post-collisional velocities
for the forward reaction in terms of pre-collisional velocities as given below
v′3 =
m1v1 +m2v2
m1 +m2
+
m4
m3 +m4
√
2
µ34
(
RE∗ − E
6
)1/2
Tω
[
v1 − v2
|v1 − v2|
]
,
v′4 =
m1v1 +m2v2
m1 +m2
− m3
m3 +m4
√
2
µ34
(
RE∗ − E
6
)1/2
Tω
[
v1 − v2
|v1 − v2|
]
.
(22)
Analogously, for reactive collisions associated to the backward chemical reaction, we write the conservation
law of total energy in the centre of mass reference frame in the form
E∗ = 1
2
µ34|v3 − v4|2 + I3 + I4 + E
2
=
1
2
µ12|v′1 − v′2|2 + I ′1 + I ′2 −
E
2
. (23)
Then, as before, we assume the following repartition of the total energy into kinetic and internal energies
of the outgoing particles, namely
1
2
µ12|v′1 − v′2|2 = RE∗ +
E
6
, I ′1 + I
′
2 = (1−R)E∗ +
E
3
, (24)
with
I ′1 = r(1 −R)E∗ +
E
6
, I ′2 = (1− r)(1 −R)E∗ +
E
6
. (25)
The first equation of (24) can be parameterized by a unit vector ω ∈ S2 as given below
v′1 − v′2 =
√
2
µ12
(
RE∗ + E
6
)1/2
Tω
[
v3 − v4
|v3 − v4|
]
. (26)
Using (26) together with the conservation law (10), we can express the reactive post-collisional velocities
for the backward reaction in terms of pre-collisional velocities as given below
v′1 =
m3v3 +m4v4
m3 +m4
+
m2
m1 +m2
√
2
µ12
(
RE∗ + E
6
)1/2
Tω
[
v3 − v4
|v3 − v4|
]
,
v′2 =
m3v3 +m4v4
m3 +m4
− m1
m1 +m2
√
2
µ12
(
RE∗ + E
6
)1/2
Tω
[
v3 − v4
|v3 − v4|
]
.
(27)
For other details on the collisional dynamics, the reader is referred to [19].
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2.2 Kinetic equations
The time-space evolution of the distribution functions fi(v, I), with i = 1, . . . , 4, is specified by the system
of kinetic equations
∂fi
∂t
+ v · ∇xfi =
4∑
j=1
Qeij(fi, fj) +Q
react
i , i = 1, . . . , 4. (28)
Above, when i 6= j, the notation Qeij represents the bi-species elastic operator associated to collisions
between one particle of constituent i and another one of constituent j, whereas when i = j, it reduces
to the mono-species elastic collisional operator Qeii. Moreover, Q
react
i represents the reactive collisional
operator. The operators Qeij and Q
react
i are defined as follows. For bi-species non-reactive interactions
(i.e. i 6= j), the operators take the form
Qeij(fi, fj) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fi(v
′
i, I
′
i)fj(v
′
j , I
′
j)−fi(v, I)fj(vj , Ij)
]
(29)
×Bij(v,vj , I, Ij , R, r, ω)(1−R) |v − vj |−1 ϕi(I)−1 dω dr dR dIj dvj ,
where Bij are suitable cross sections and v
′
i, v
′
j , I
′
i and I
′
j are given by
v′i =
miv +mjvj
mi +mj
+
mj
mi +mj
√
2RE
µij
Tω
[
v − vj
|v − vj |
]
,
v′j =
miv +mjvj
mi +mj
− mi
mi +mj
√
2RE
µij
Tω
[
v − vj
|v − vj |
]
,
I ′i =
(
1
2
µij |v − vj |2 + I + Ij
)
r(1 −R) and I ′j =
(
1
2
µij |v − vj |2 + I + Ij
)
(1− r)(1 −R).
In the case of mono-species elastic collisions, the operators have the following structure
Qeii(fi, fi) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fi(v
′
i, I
′
i)fi(v
′
i∗ , I
′
i∗)−fi(v, I)fi(vi∗ , Ii∗)
]
(30)
×Bii(v,vi∗ , I, Ii∗ , R, r, ω)(1−R) |v − vi∗ |−1 ϕi(I)−1 dω dr dR dIi∗ dvi∗ ,
where Bii are suitable cross sections and v
′
i, v
′
i∗
, I ′i and Ii∗ are given by
v′i =
v + vi∗
2
+
√
RE
mi
Tω
[
v − vi∗
|v − vi∗ |
]
,
v′i∗ =
v + vi∗
2
−
√
RE
mi
Tω
[
v − vi∗
|v − vi∗ |
]
,
I ′i =
(mi
4
|v − vi∗ |2 + I + Ii∗
)
r(1 −R) and I ′i∗ =
(mi
4
|v − vi∗ |2 + I + Ii∗
)
(1− r)(1 −R).
The reactive collisional operators are defined in a more involved way. Consider for some suitable sets Fi
the Heaviside-like function
Hi(ξ)=
{
1, ξ ∈ Fi
0, ξ /∈ Fi, i = 1, . . . , 4,
and let Breact : R3 × R3 × R+ × R+ × [0, 1]2 × S2 → R+ be a suitable cross-section.
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We first treat the case of the forward reaction. To do this, we define the total energy
E∗1 =
1
2
µ12|v − v2|2 + I + I2 − E
2
,
the reactive post-collisional velocities and internal energies
v′3 =
m1v +m2v2
m1 +m2
+
m4
m3 +m4
√
2
µ34
(
RE∗1 −
E
6
)1/2
Tω
[
v − v2
|v − v2|
]
,
v′4 =
m1v +m2v2
m1 +m2
− m3
m3 +m4
√
2
µ34
(
RE∗1 −
E
6
)1/2
Tω
[
v − v2
|v − v2|
]
,
I ′3 = r(1 −R)E∗1 −
E
6
,
I ′4 = (1 − r)(1 −R)E∗1 −
E
6
,
as well as the admissible set
F1=
{
(I, I2, r, R,v,v2) : I ≥ E
6
, I2 ≥ E
6
, RE∗1 ≥
E
6
,
µ12
2
|v−v2|2 ≥ E
6
, (1−R)rE∗1 ≥
E
6
, (1−R)(1−r)E∗1 ≥
E
6
}
.
The first collisional integral describing the forward chemical reaction is hence
Qreact1 (v, I) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
m1m2
m3m4
)3
f3(v
′
3, I
′
3)f4(v
′
4, I
′
4)− f1(v, I)f2(v2, I2)
]
×H1(I, I2, r, R,v,v2)Breact(v,v2, I, I2, R, r, ω) (m1m2)−2 |v − v2|−1
× (1−R)ϕ1(I)−1 dω dr dR dI2 dv2. (31)
The structure of Qreact2 is similar. We define the total energy
E∗2 =
1
2
µ12|v − v1|2 + I + I1 − E
2
,
the reactive post-collisional velocities and internal energies
v′3 =
m1v1 +m2v
m1 +m2
+
m4
m3 +m4
√
2
µ34
(
RE∗2 −
E
6
)1/2
Tω
[
v1 − v
|v1 − v|
]
,
v′4 =
m1v1 +m2v
m1 +m2
− m3
m3 +m4
√
2
µ34
(
RE∗2 −
E
6
)1/2
Tω
[
v1 − v
|v1 − v|
]
,
I ′3 = r(1 −R)E∗2 −
E
6
,
I ′4 = (1 − r)(1 −R)E∗2 −
E
6
,
as well as the admissible set
F2=
{
(I, I1, r, R,v,v1) : I ≥ E
6
, I1 ≥ E
6
, RE∗2 ≥
E
6
,
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µ12
2
|v−v1|2 ≥ E
6
, (1−R)rE∗2 ≥
E
6
, (1−R)(1−r)E∗2 ≥
E
6
}
.
The collisional integral Qreact2 describing the forward chemical reaction is hence
Qreact2 (v, I) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
m1m2
m3m4
)3
f3(v
′
3, I
′
3)f4(v
′
4, I
′
4)− f2(v, I)f1(v1, I1)
]
×H2(I, I1, r, R,v,v1)Breact(v,v1, I, I1, R, r, ω) (m1m2)−2 |v − v1|−1
× (1−R)ϕ2(I)−1 dω dr dR dI1 dv1. (32)
In the case of the backward reaction, we have to treat two cases. Let
E∗3 =
1
2
µ34|v − v4|2 + I + I4 + E
2
be the total energy. Then, as before, we write the reactive post collisional velocities and internal energies,
respectively as given below
v′1 =
m3v +m4v4
m3 +m4
+
m2
m1 +m2
√
2
µ12
(
RE∗3 +
E
6
)1/2
Tω
[
v − v4
|v − v4|
]
,
v′2 =
m3v +m4v4
m3 +m4
− m1
m1 +m2
√
2
µ12
(
RE∗3 +
E
6
)1/2
Tω
[
v − v4
|v − v4|
]
,
I ′1 = r(1 −R)E∗3 +
E
6
,
I ′2 = (1 − r)(1 −R)E∗3 +
E
6
.
The admissible set F3 is
F3=
{
(I4, r, R,v4) : I4 ≥ 0, v4 ∈ R3, r, R ∈ [0, 1]
}
,
and hence the reactive collisional integral Qreact3 describing the backward reaction is defined by
Qreact3 (v, I) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
m3m4
m1m2
)3
f1(v
′
1, I
′
1)f2(v
′
2, I
′
2)− f3(v, I)f4(v4, I4)
]
×H3(I4, r, R,v4)Breact(v,v4, I, I4, R, r, ω) (m3m4)−2 |v − v4|−1
× (1−R)ϕ3(I)−1 dω dr dR dI4 dv4. (33)
We conclude the description of the reactive collisional operators by defining Qreact4 . Let
E∗4 =
1
2
µ34|v − v3|2 + I + I3 + E
2
be the total energy. Then, as before, we write the reactive post collisional velocities and internal energies,
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respectively as given below
v′1 =
m3v3 +m4v
m3 +m4
+
m2
m1 +m2
√
2
µ12
(
RE∗4 +
E
6
)1/2
Tω
[
v3 − v
|v3 − v|
]
,
v′2 =
m3v3 +m4v
m3 +m4
− m1
m1 +m2
√
2
µ12
(
RE∗4 +
E
6
)1/2
Tω
[
v3 − v
|v3 − v|
]
.
I ′1 = r(1 −R)E∗4 +
E
6
,
I ′2 = (1 − r)(1 −R)E∗4 +
E
6
.
The admissible set F4 is
F4=
{
(I3, r, R,v3) : I3 ≥ 0, v3 ∈ R3, r, R ∈ [0, 1]
}
,
and hence the reactive collisional integral Qreact4 describing the backward reaction is defined by
Qreact4 (v, I) =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
m3m4
m1m2
)3
f1(v
′
1, I
′
1)f2(v
′
2, I
′
2)− f4(v, I)f3(v3, I3)
]
×H4(I3, r, R,v3)Breact(v,v3, I, I3, R, r, ω) (m3m4)−2 |v − v3|−1
× (1−R)ϕ4(I)−1 dω dr dR dI3 dv3. (34)
2.3 Properties of the collisional operators
Here we review some properties of the collisional operators given in [19] that will be used in the derivation
of the limit equations.
Lemma 1 (See Lemma 2, page 223 of [19])
Let ψ : R3 × [0,+∞)→ R be a function such that the weak formulation∫
R3
∫ +∞
0
Qeiiψ(v, I)ϕi(I)dIdv
makes sense. Then∫
R3
∫ +∞
0
Qeiiψ(v, I)ϕi(I)dIdv
= −1
4
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fi(v
′
i, I
′
i)fi(v
′
i∗ , I
′
i∗)−fi(v, I)fi(vi∗ , Ii∗)
]
(35)
×
[
ψ(v′i, I
′
i) + ψ(v
′
i∗ , I
′
i∗)− ψ(v, I)− ψ(vi∗ , Ii∗)
]
Bii(v,vi∗ , I, Ii∗ , R, r, ω)
× (1−R) |v − vi∗ |−1 dω dr dR dIi∗ dI dvi∗ dv.
Lemma 2 (See Lemma 3, page 224 of [19])
Let j 6= i and ψ : R3 × [0,+∞)→ R be a function such that the formulas∫
R3
∫ +∞
0
Qeijψ(v, I)ϕi(I)dIdv and
∫
R3
∫ +∞
0
Qejiψ(vj , Ij)ϕj(Ij)dIjdvj
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make sense. Then∫
R3
∫ +∞
0
Qeijψ(v, I)ϕi(I)dIdv (36)
= −1
2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fi(v
′
i, I
′
i)fj(v
′
j , I
′
j)−fi(v, I)fj(vj , Ij)
][
ψ(v′i, I
′
i)− ψ(v, I)
]
×Bij(v,vj , I, Ij , R, r, ω)(1−R) |v − vj |−1 dω dr dR dIj dIdvj dv
and ∫
R3
∫ +∞
0
Qeijψ(v, I)ϕi(I)dIdv +
∫
R3
∫ +∞
0
Qejiψ(vj , Ij)ϕj(Ij)dIjdvj (37)
= −1
2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fi(v
′
i, I
′
i)fj(v
′
j , I
′
j)−fi(v, I)fj(vj , Ij)
]
×
[
ψ(v′i, I
′
i) + ψ(v
′
j , I
′
j)− ψ(v, I)− ψ(vj , Ij)
]
Bij(v,vj , I, Ij , R, r, ω)
×(1−R) |v − vj |−1 dω dr dR dIj dIdvj dv.
Lemma 3 (See Lemma 5, page 229 of [19])
Let ψ : R3 × [0,+∞)→ R be a function such that for all i = 1, 2, 3, 4, the formula∫
R3
∫ +∞
0
Qreacti ψ(v, I)ϕi(I)dIdv
makes sense. Additionally, if Breact(vi,vj , Ii, Ij , R, r, ω) for (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3)} is equal
to Breact(vi,vj , Ii, Ij , R, r, ω) for (i, j, k, l) ∈ {(3, 4, 1, 2), (4, 3, 2, 1)}, then
4∑
i=1
∫
R3
∫ +∞
0
Qreacti ψ(v, I)ϕi(I)dIdv (38)
= −
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[
fk(v
′
k, I
′
k)fl(v
′
l, I
′
l)
(mkml)3
− fi(vi, Ii)fj(vj , Ij)
(mimj)3
]
Hi
×
[
ψ(v′k, I
′
k) + ψ(v
′
l, I
′
l)− ψ(vi, Ii)− ψ(vj , Ij)
]
×Breact(vi,vj , Ii, Ij , R, r, ω)mimj(1−R) |vi − vj |−1 dω dr dR dIj dIidvj dvi.
2.4 Conservation laws and chemical rates
The conservation laws of the model are obtained from the properties stated in Lemmas 1, 2 and 3 of
Subsection 2.3.
Lemma 4 (See equations (22), (27), (28), (45), pages 224, 225, 226, 231 of [19])
Consider the functions Ψ(v, I) defined by Ψ=(1, 0, 1, 0), Ψ=(1, 0, 0, 1), Ψ=(0, 1, 1, 0) and also Ψ(v, I)
such that Ψ=(ψ1, ψ2, ψ3, ψ4), with ψi = mivx1 or mivx2 or mivx3 , as well as Ψ=(ψ1, ψ2, ψ3, ψ4), with
ψi =
1
2miv
2 + I + Ei. Then,
4∑
i=1
∫
R3
∫ +∞
0
( 4∑
j=1
Qeij +Q
react
i
)
ψi(v, I)ϕi(I) dI dv = 0. (39)

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Property (39) indicates that elastic and reactive collisional operators are consistent with conservation of
physical quantities, namely partial number densities n1+n3, n1+n4, n2+n3, momentum and total energy
of the whole mixture (kinetic, internal and chemical binding).
Lemma 5 The reactive collisional operators are such that∫
R3
∫ +∞
0
Qreact1 ϕ1(I1) dI1 dv1 =
∫
R3
∫ +∞
0
Qreact2 ϕ2(I2) dI2 dv2 (40)
= −
∫
R3
∫ +∞
0
Qreact3 ϕ3(I3) dI3 dv3
= −
∫
R3
∫ +∞
0
Qreact4 ϕ4(I4) dI4 dv4.

Properties (40) indicate that reactive collision terms assure the correct chemical exchange rates for the
considered chemical reaction (1).
2.5 Equilibrium state and H-theorem
In paper [19], the equilibrium solutions of the kinetic equations (28) were studied in two steps, namely by
considering first the mechanical equilibrium associated to elastic collision operators and then the chemical
equilibrium associated to the reactive collisional operator.
The mechanical equilibrium is defined by distribution functions fi(v, I), i = 1, . . . , 4, such that
Qeij(fi, fj) = 0, i, j = 1, . . . , 4. (41)
Assuming that the mechanical equilibrium is reached, the chemical equilibrium is then defined in pa-
per [19] by distribution functions satisfying, besides conditions (41), the further condition
Qreacti = 0, i = 1, . . . , 4. (42)
The following proposition summarizes the H-theorems stated in paper [19] and characterizes the equilib-
rium states of the model.
Proposition 6 (See Propositions 1 and 2, pages 231–233 of [19])
Let Bij(v,vj , I, Ij , R, r, ω) and B
react(v,vj , I, Ij , R, r, ω) be strictly positive almost everywhere and let
the distribution functions fi be non-negative for all i = 1, . . . , 4 and such that the collisional operators
Qeij and Q
react
i are well defined.
1. Concerning the mechanical equilibrium, the following three properties are equivalent.
(a) Qeij(fi, fj) = 0 for all i, j = 1, . . . , 4, v ∈ R3, I ∈ R+;
(b)
4∑
i,j=1
∫
R3
∫ +∞
0
Qeij(fi, fj) log
(
fi(v, I)
m3i
)
ϕi(I) dIdv = 0;
(c) There exist ni ≥ 0, i = 1, . . . , 4, u ∈ R3 and T > 0 such that fi(v, I) = M(ni,u, T ), where
M(ni,u, T )=
ni(t,x)
qi(T (t,x))
(
mi
2πkBT (t,x)
)3/2
exp
(
−mi |v−u(t,x)|
2
2kBT (t,x)
− I
kBT (t,x)
)
(43)
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and
qi(T (t,x)) =
∫ +∞
0
ϕi(I) exp
(
− I
kBT (t,x)
)
dI, (44)
i.e. fi are Maxwellian distributions.
2. Assuming that the mechanical equilibrium is reached, that is, the distribution functions fi are given
by (43), the following three properties related to chemical equilibrium are equivalent
(a) Qreacti = 0 for all i = 1, . . . , 4, v ∈ R3, I ∈ R+;
(b)
4∑
i=1
∫
R3
∫ +∞
0
Qreacti log
(
fi(v, I)
m3i
)
ϕi(I) dIdv = 0;
(c) The following mass action law holds
n1n2
n3n4
=
(
m1m2
m3m4
)3/2
q1(T )q2(T )
q3(T )q4(T )
exp
(
E
kBT
)
. (45)

3 Scaled equations and assumptions
In this section we define the scaling regime for the kinetic equations and introduce the assumptions to
be considered at the kinetic level, in order to derive the reaction-diffusion system of Maxwell-Stefan type
as the hydrodynamic limit equations of the considered kinetic model.
The evolution domain of the mixture is here represented by an open bounded domain Ω ⊂ R3, with
regular boundary.
3.1 Scaling regime
Let ε be a scaling parameter representing the mean free path or, equivalently, the Knudsen number, with
0 < ε≪ 1. We scale the time and space variables as (t,x) 7→ (ε2t, εx) and the distribution functions in
the transformed variables are denoted by f εi .
We consider a diffusive scaling regime for which elastic collisions are dominant with respect to reactive
collisions. Accordingly, we start our analysis from the following scaled Cauchy problem for the distribution
functions f εi ,
ε
∂f εi
∂t
+ v · ∇xf εi =
1
ε
4∑
j=1
Qeij(f
ε
i , f
ε
j ) + εQi
react, i = 1, . . . , 4, (46)
for (t,x,v, I) ∈ ]0,+∞[×R3 × R3 × [0,+∞[,
f εi (0,x,v, I) = (f
in
i )
ε(x,v, I), for (x,v, I) ∈ R3 × R3 × [0,+∞[. (47)
The properties of the collisional operators stated in Section 2, with the obvious adjustments, are still
valid for the scaled operators.
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3.2 Assumptions
In view of the reaction-diffusion limit to be investigated in this paper, we will consider the following
assumptions on global mean velocity and temperature:
(a) The reactive mixture is a non-isothermal system, meaning that the temperature of the mixture is,
in general, not constant in time and non-uniform in space.
(b) The bulk velocity of the mixture is small and goes to zero as the parameter ε tends to zero.
(c) We assign as initial conditions (f ini )
ε Maxwellian functions centered at the species mass velocity
εu
(in)
i (x) and species temperature T
(in)(x) + εT
(in)
i (x):
(f ini )
ε(x,v, I) = M ini =
n
(in)
i (x)
qi
(
T (in)(x) + εT
(in)
i (x)
)

 mi
2πkB
(
T (in)(x) + εT
(in)
i (x)
)

3/2
× exp

− mi
∣∣∣v−εu(in)i (x)∣∣∣2
2kB(T (in)(x) + εT
(in)
i (x))

 exp

− I
kB
(
T (in)(x) + εT
(in)
i (x)
)

 (48)
for some n
(in)
i , T
(in), T
(in)
i : Ω→ R+ and u(in)i : Ω→ R3.
(d) We assume that the time evolution of f εi established by equations (46) preserves for any time
t > 0 the initial Maxwellian structure of species distributions; more precisely, we consider that the
distribution functions f εi , at time t > 0, are Maxwellians of the form
f εi (v, I)=
nεi (t,x)
qi
(
T (t,x) + εT εi (t,x)
)( mi
2πkB
(
T (t,x) + εT εi (t,x)
))3/2
× exp

− mi |v − εuεi (t,x)|2
2kB
(
T (t,x) + εT εi (t,x)
)

 exp

− I
kB
(
T (t,x) + εT εi (t,x)
)

 (49)
for some functions nεi , T
ε
i , T : R
+ × Ω→ R+ and uεi : R+ × Ω→ R3.
Assumptions (c) and (d) are consistent with the fact that the scaled equations (46) provide, as ε→ 0,
4∑
j=1
Qeij(f
ε
i , f
ε
j ) = O(ε) .
Hence the distributions f εi should be, as ε→ 0, O(ε) perturbations of collision equilibria of global elastic
scattering operator, which are provided by local Maxwellians sharing the common zero mass velocity and
a common temperature. Therefore, for any time t > 0, the species distributions may be considered to
have the form
f εi (v, I) = Mi
(
ni(t,x),0, T (t,x)
)(
1 +O(ε)
)
, (50)
where Mi is an elastic Maxwellian equilibrium state as defined in (43). Hence, up to the order O(ε), we
can suppose that
f εi (v, I) =Mi
(
nεi (t,x), εu
ε
i (t,x), T (t,x) + εT
ε
i (t,x)
)
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with
lim
ε→0
(
nεi (t,x), εu
ε
i (t,x), T (t,x) + εT
ε
i (t,x)
)
=
(
ni(t,x),0, T (t,x)
)
, (51)
and
uεi (t,x) = O(1), T
ε
i (t,x) = O(1).
Assumption (49) is one of the simplest options to fulfill the property (50), and it will be sufficient to
obtain a system of Maxwell-Stefan type in the asymptotic limit ε→ 0.
4 The limiting equations for the reactive mixture
In this section, we derive the macroscopic equations in the hydrodynamic limit of the scaled kinetic
equations (46) with initial conditions defined by (47) and (48). As usual in kinetic theory [2, 3, 4, 12, 26,
27], such equations are obtained by taking the appropriate moments of equations (46) with respect to
the velocity v and here also with respect to internal energy parameter I. In the present case, the balance
equations obtained in the limit for ε → 0 constitute a reaction-diffusion system of Maxwell-Stefan type
for the reactive mixture of polyatomic gases. The system is formed by the number density equation and
momentum equation for each constituent, as well as the balance equation for the mixture temperature.
Assumptions (b) and (d) considered in Subsection 3.2 play a crucial role in the passage from the kinetic
equations to the Maxwell-Stefan setting.
4.1 Preliminaries
In what follows, instead of the unit vector ω ∈ S2 parametrization used in (14) and (21) to obtain the
elastic and reactive post-collisional velocities, we will use the following unit vector σ ∈ S2 parametrization
and show how to pass from one to the other.
Proposition 7 Let
σ = y − 2(ω · y)ω, y = v − v∗|v − v∗| , (52)
where σ and ω are unit vectors in the sphere S2 and v, v∗ denote the velocities of the colliding pair of
particles. The Jacobian of the transformation from ω to σ is given by
Jω→σ = 4 |ω · y| , ∀y ∈ R3. (53)
Proof. See [33], page 41. 
Remark 8
(i) Using the σ-parametrization given in (52), the post-collisional velocities (16) for a bi-species elastic
collision between a particle of species i with ingoing parameters (v, I) and a particle of species j
with parameters (vj , Ij) can be rewritten as
v′i =
miv +mjvj
mi +mj
+
mj
mi +mj
√
2RE
µij
σ, v′j =
miv +mjvj
mi +mj
− mi
mi +mj
√
2RE
µij
σ. (54)
Therefore,
v′i − v =
mj
mi +mj
V +
mj
mi +mj
√
2RE
µij
σ, (55)
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where
V = vj − v. (56)
(ii) As a consequence of Proposition 7, the bi-species elastic and reactive collision kernels can be written
as, see [40],
Bij(v,vj , I, Ij , R, r, ω)dω = 2 |ω · y|Bij(v,vj , I, Ij , R, r, σ)dσ, (57)
Breact(v,vj , I, Ij , R, r, ω)dω = 2 |ω · y|Breact(v,vj , I, Ij , R, r, σ)dσ, (58)
where y = −V /|V |. 
From now on we will sometimes skip for brevity the dependencies of distributions on velocity and internal
energy, and we set f εi = f
ε
i (v, I), f
ε
j = f
ε
j (vj , Ij), f
ε′
i = f
ε
i (v
′
i, I
′
i), f
ε′
j = f
ε
j (v
′
j , I
′
j), and analogously for
Maxwellian distributions.
Proposition 9 Using the the Taylor expansion with respect to ε of the distribution functions (49), one
can write
(a) f ε
′
i f
ε′
j − f εi f εj = M εiM εj
[
ε
(
aij · (v′i − v)
)
+ ε
(
T εi
kBT 2
− T
ε
j
kBT 2
)
×
(
mi(v
′
i)
2
2
− miv
2
2
+ I ′i − I
)
+O(ε2)
]
, (59)
(b)
(
mimj
mkml
)3
f ε
′
k f
ε′
l − f εi f εj =
(
mimj
mkml
)3
M ε
′
k M
ε′
l −M εiM εj
+ε
[(
mimj
mkml
)3
M ε
′
k M
ε′
l
(
ak ·v′k +
mkT
ε
k (v
′
k)
2
2kBT 2
+
T εk I
′
k
kBT 2
− T
ε
k
T
q∗k(T )
kBTqk(T )
− 3T
ε
k
2T
+al ·v′l +
mlT
ε
l (v
′
l)
2
2kBT 2
+
T εl I
′
l
kBT 2
− T
ε
l
T
q∗l (T )
kBTql(T )
− 3T
ε
l
2T
)
−M εiM εj
(
ai ·v + miT
ε
i v
2
2kBT 2
+
T εi I
kBT 2
− T
ε
i
T
q∗i (T )
kBTqi(T )
− 3T
ε
i
2T
+aj ·vj +
mjT
ε
j v
2
j
2kBT 2
+
T εj Ij
kBT 2
− T
ε
j
T
q∗j (T )
kBTqj(T )
− 3T
ε
j
2T
)]
+O(ε2),
(60)
where
aij =
mi(u
ε
i − uεj)
kBT
, ai =
miu
ε
i
kBT
, aj =
mju
ε
j
kBT
, ak =
mku
ε
k
kBT
, al =
mlu
ε
l
kBT
, (61)
q∗i (T ) =
∫ +∞
0
I ϕi(I) exp
(
− I
kBT
)
dI, (62)
M εi :=
nεi
qi(T )
(
mi
2πkBT
)3/2
exp
(
−miv
2
2kBT
− I
kBT
)
, (63)
and similarly for M εj , M
ε′
k , M
ε′
l .
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Proof. See the Appendix, part (A). 
Using (a) of Proposition 9 together with (55) and (57), we can write the elastic bi-species operator as
Qeij(fi, fj)=ε
mj
mi+mj
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
(aij ·V )M εiM εj Bij(v,vj , I, Ij , R, r, σ)
× 2 cos θ(1−R)
V ϕi(I)
dσ dr dR dIj dvj
+ε
mj
mi+mj
aij ·
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
√
2RE
µij
σM εiM
ε
j Bij(v,vj , I, Ij , R, r, σ) (64)
× 2 cos θ(1−R)
V ϕi(I)
dσ dr dR dIj dvj
+ε
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
(
T εi
kBT 2
− T
ε
j
kBT 2
)(
mi(v
′
i)
2
2
− miv
2
2
+ I ′i − I
)
M εiM
ε
j
×Bij(v,vj , I, Ij , R, r, σ)2 cos θ(1−R)
V ϕi(I)
dσ dr dR dIj dvj
+O(ε2).
Similarly, using (b) of Proposition 9 together with (58), we can write the reactive operator as
Qreacti =
∫
R3
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
mimj
mkml
)3
M ε
′
k M
ε′
l −M εiM εj
]
Breact(v,vj , I, Ij , R, r, σ)
×Hi 2 cos θ(1 −R)V −1ϕi(I)−1(mimj)−2 dσdrdRdIjdvj +O(ε), (65)
where |ω · y| = cos θ, V = |v − vj | = ‖V ‖ and for the forward and backward reactive operators, the
indices (i, j, k, l) are such that (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3)} and (i, j, k, l) ∈ {(3, 4, 1, 2), (4, 3, 2, 1)},
respectively. The notation M εi ,M
ε
j indicates Maxwellian distributions defined as in (63).
Also, we consider general collision kernels and split both the bi-species and reactive collision kernels
into the product of kinetic and angular collision kernels (see [40]) as given below
Bij(v,vj , I, Ij , R, r, σ) = |v − vj |γ Φij(I, Ij , R, r)︸ ︷︷ ︸
kinetic
bij(cos θ)︸ ︷︷ ︸
angular
, (66)
Breact(v,vj , I, Ij , R, r, σ) = |v − vj |γ Φreact(I, Ij , R, r)︸ ︷︷ ︸
kinetic
breact(cos θ)︸ ︷︷ ︸
angular
, (67)
where γ is a parameter such that γ ≥ 1. This decomposition of the collision kernels is enough to obtain
appropriate expressions for the integral production terms.
Finally, we will use in the sequel the integral representation of both the gamma function and the
incomplete gamma function, respectively defined as given below
∫ +∞
0
xne−αx
2
dx =
1
2
Γ
(
n+ 1
2
)(
1
α
)n+1
2
, (68)
Γ(α, x) =
∫ +∞
x
tα−1e−tdt. (69)
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4.2 Moment of order zero
From the scaled equations (46), we first derive the evolution equation for the number density of each
constituent. The relevant result is the following.
Lemma 10 The balance equation for the number density of each constituent in the reactive mixture can
be written in the form
∂ni
∂t
+∇x · (niui) = −λiA, i = 1, 2, 3, 4, (70)
where
ni = lim
ε→0
nεi , ui = lim
ε→0
uεi ,
and
λ1 = λ2 = 1, λ3 = λ4 = −1 (71)
are stoichiometric coefficients. Moreover, A is the production term defining the chemical rate of the
reactants of the backward chemical reaction. More specifically, A is the formal limit for ε→ 0 of
Aε =
[(
m3m4
m1m2
)3/2
nε1n
ε
2
q1(T )q2(T )
exp
(
− E
kBT
)
− n
ε
3n
ε
4
q3(T )q4(T )
]
(72)
× 4√
π(m3m4)2
(
2kBT
µ34
)(γ−1)/2
Γ
(
γ + 2
2
)∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
exp
(
−I+I4
kBT
)
×Φreact(I, I4, R, r)breact(cos θ)cos θ (1−R) dσdrdRdI4dI +O(ε).
Proof. Multiplying equations (46) by ϕi(I) and integrating with respect to v∈R3 and I∈R+, we obtain
ε
∂
∂t
(∫
R3
∫ +∞
0
f εi ϕi(I)dI dv
)
︸ ︷︷ ︸
nεi
+ ∇x·
(∫
R3
∫ +∞
0
vf εi ϕi(I)dIdv
)
︸ ︷︷ ︸
εnεiu
ε
i
(73)
=
1
ε
∫
R3
∫ +∞
0
Qeiiϕi(I)dIdv︸ ︷︷ ︸
0
+
1
ε
4∑
j=1
j 6=i
∫
R3
∫ +∞
0
Qeijϕi(I)dIdv︸ ︷︷ ︸
0
+ε
∫
R3
∫ +∞
0
Qreacti ϕi(I)dIdv︸ ︷︷ ︸
−λiAε
where the term Aε is given by (72). Moreover, we have used properties (35) and (36), respectively, with
ψ(v, I)=1, for the vanishing of the first two terms on the right hand side of equation (73). To obtain the
last term on the right hand side of equation (73), we have used the more convenient form of the reactive
operator Qreacti , given in (65). Then we have used the decomposition of the reactive kernel given in (67)
and the conservation of total energy for reactive collisions given by condition (11). See the Appendix,
part(B).
Finally, dividing both sides of equation (73) by ε and taking the limit as ε → 0, we obtain the
evolution equation (70) for the constituent number density. 
18
4.3 Moment of order one
From the scaled equations (46), we then derive the evolution equation for the momentum of each species,
as stated in the following result.
Lemma 11 (i) The balance equation for the momentum of each constituent in the reactive mixture can
be written in the form
∇x(nikBT ) = miBi, i = 1, 2, 3, 4, ni = lim
ε→0
nεi , T = lim
ε→0
(
T + εT εi
)
, (74)
where Bi is the production term associated to the momentum balance of the species, namely the formal
limit for ε→ 0 of
Bεi=
4∑
j=1
j 6=i
mj
mi +mj
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
(aij ·V )vM εiM εj V γ−1Φij(I, Ij , R, r)
× 2 bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
mj
mi +mj
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
(aij ·σ)v
√
2RE
µij
M εiM
ε
j V
γ−1Φij(I, Ij , R, r)
× 2 bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
v
(
T εi
kBT 2
− T
ε
j
kBT 2
)(
mi(v
′
i)
2
2
− miv
2
2
+ I ′i − I
)
M εiM
ε
j
×V γ−1Φij(I, Ij , R, r)2 bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv
+O(ε).
(75)
(ii) Moreover, if the angular collision kernel of the elastic bi-species kernel is an odd function of cos θ,
then the production term Bi is the formal limit for ε→ 0 of
Bεi=−
4∑
j=1
j 6=i
(
mj
mi+mj
)2(
mi
2πkBT
)3/2(
mj
2πkBT
)3/2nεjJεi − nεiJεj
qi(T )qj(T )
× mi
kBT
(
2πkBT
mi +mj
)3/2
2π
3
Γ
(
γ + 4
2
)(
2kBT
µij
)γ+4
2
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
exp
(
−I+Ij
kBT
)
× Φij(I, Ij , R, r)2 cos θ(1−R)bij(cos θ) dσdrdRdIjdI
+O(ε),
(76)
where Jεi denotes the molar diffusive flux of the species given by
Jεi = n
ε
i (u
ε
i − uε). (77)
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Proof. (i) First we multiply equations (46) by vϕi(I) and integrate with respect to v∈R3 and I ∈ R+ to
obtain
ε
∂
∂t
{∫
R3
∫ +∞
0
vf εi ϕi(I)dIdv
}
︸ ︷︷ ︸
εnε
i
uε
i
+∇x·
{∫
R3
∫ +∞
0
v ⊗ vf εi ϕi(I)dIdv
}
︸ ︷︷ ︸
kB(T+εT
ε
i
)
mi
nε
i
+ε2(nεiuεi⊗uεi )
(78)
=
1
ε
∫
R3
∫ +∞
0
vQeiiϕi(I)dIdv︸ ︷︷ ︸
0
+
1
ε
4∑
j=1
j 6=i
∫
R3
∫ +∞
0
vQeijϕi(I)dIdv
︸ ︷︷ ︸
Bε
i
+ ε
∫
R3
∫ +∞
0
vQreacti ϕi(I)dIdv︸ ︷︷ ︸
Cε
i
,
where property (35) was used with ψ(v, I) = v to obtain the vanishing of the first term on the right hand
side. Moreover, concerning the term Bεi on the right-hand side of (78) we have used the elastic bi-species
operator Qeij given in (64) and the decomposition of the elastic bi-species kernel indicated in (66) to
obtain the expression for Bεi given in (75). Upon specifying Φij(I, Ij , R, r), the integrals with respect to
I, Ij , R, r, σ can be evaluated explicitly and the six fold integrals with respect to v,vj can be transformed
to the center of mass velocity and relative velocity and the resulting integrals can be evaluated using the
integral representation of gamma function given in (68).
Then, concerning the term Cεi on the right-hand side of (78), we have used the form of the reactive
operator Qreacti given in (65) and the decomposition (67) for the reactive kernel B
react(v,vj , I, Ij , R, r, σ)
to obtain
Cεi =ε
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
v
[(
mimj
mkml
)3
M ε
′
k M
ε′
l −M εiM εj
]
V γ−1Φreact(I, Ij , R, r) (79)
× 2 breact(cos θ)Hi(mimj)−2 cos θ(1 −R) dσdrdRdIjdIdvjdv +O(ε2).
Again, upon specifying Φreact(I, Ij , R, r), the integrals on the right hand side of equation (79) can be
computed. Specifically, the integrals with respect to I, Ij , R, r, σ can be evaluated explicitly and the six
fold integrals with respect to v,vj can be transformed to the center of mass velocity and relative velocity
and the resulting integrals can either be evaluated using the integral representation of gamma function
given in (68) or be represented by the incomplete gamma function given in (69).
Finally we take the limit as ε→ 0 in equation (78) and obtain the balance equation (74) for the momentum
of each species, in which the production term Bi is the formal limit for ε → 0 of the term Bεi given
in (75).
(ii) Using the assumption that the angular collision kernel is an odd function of cos θ, one obtains that the
second term on the right hand side of equation (75) vanishes. See the Appendix, part (C1). Transforming
the six fold integral over v and vj in the first and third terms on the right hand side of (75) to the center
of mass velocity and relative velocity and evaluating the resulting integrals using (68), we obtain that
the third term on the right hand side of (75) vanishes. See the Appendix, part (C3). Moreover, the six
fold integral over v and vj in the first term on the the right hand side of the same equation reduces to
∫
R3
∫
R3
(aij ·V)vM εi M εj V γ−1dvjdv = −
mj
mi +mj
nεin
ε
j
qiqj
(mimj)
3/2
(2πkBT )3
exp
(
−I + Ij
kBT
)
mi
kBT
(uεi − uεj)
×
(
2πkBT
mi +mj
)3/2
2π
3
Γ
(
γ + 4
2
)(
2kBT
µij
)(γ+4)/2
. (80)
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See the Appendix part (C2). Now, substituting (80) into the first addend in (75), we then obtain the
desired result. 
Remark 12 Observe that the production term Bεi given in equation (76) has the Maxwell-Stefan struc-
ture [12, 27]. The remaining integrals involved in equation (76), when evaluated, will only contribute to
the definition of the diffusion coefficients. 
4.4 Conservation of energy
From the scaled equations (46), we finally derive the evolution equation for the energy of the mixture as
stated in the following lemma.
Lemma 13 The balance equation for the energy of the reactive mixture can be written in the form
∂
∂t
[
4∑
i=1
(
3
2
nikBT + ni
q∗i (T )
qi(T )
)]
+∇x·
[
4∑
i=1
(
5
2
nikBT ui + niui
q∗i (T )
qi(T )
)]
= −EA, (81)
where
ni = lim
ε→0
nεi , ui = lim
ε→0
uεi , T = lim
ε→0
(
T + εT εi
)
,
q∗i (T ) has been defined in (62), and A is the production term defined as in Subsection 4.2.
Proof. Multiplying Eqs. (46) by
[
miv
2/2 + I
]
ϕi(I), integrating with respect to v∈R3 and I ∈R+, and
then summing over the species i = 1, 2, 3, 4, we obtain
ε
∂
∂t
4∑
i=1
{∫
R3
∫ +∞
0
[
miv
2
2
+ I
]
ϕi(I)f
ε
i dIdv
}
︸ ︷︷ ︸
3
2n
ε
i
kB(T+εT εi )+
1
2 ε
2minεi (u
ε
i
)2+nε
i
q∗
i
(T+εTε
i
)
qi(T+εT
ε
i
)
(82)
+∇x·
4∑
i=1
{∫
R3
∫ +∞
0
[
miv
2
2
+ I
]
ϕi(I)vf
ε
i dIdv
}
︸ ︷︷ ︸
ε{ 52nεikB(T+εT εi )+ε2( 12minεi (uεi )2)}uεi+εnεiuεi q
∗
i
(T+εTε
i
)
qi(T+εT
ε
i
)
= Dε + Eε + Fε,
where Dε, Eε, Fε are the production terms defined by
Dε = 1
ε
4∑
i=1
∫
R3
∫ +∞
0
[
miv
2
2
+ I
]
ϕi(I)Q
e
iidIdv,
Eε = 1
ε
4∑
i=1
4∑
j=1
j 6=i
∫
R3
∫ +∞
0
[
miv
2
2
+ I
]
ϕi(I)Q
e
ijϕi(I)dIdv,
Fε = ε
4∑
i=1
∫
R3
∫ +∞
0
[
miv
2
2
+ I
]
ϕi(I)Q
react
i dIdv.
Using properties (35), (37) and (38), with ψ(v, I)=
[
miv
2/2 + I
]
, for the production terms Dε, Eε and
Fε, respectively, we obtain that
Dε = 0, Eε = 0 and Fε = −εEAε, (83)
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with Aε being defined by expression (72). Substituting (83) into (82) and dividing both sides by ε, we
obtain
∂
∂t
[
4∑
i=1
(
3
2
nεikB(T + εT
ε
i ) +
1
2
ε2min
ε
i (u
ε
i )
2 + nεi
q∗i (T + εT
ε
i )
qi(T + εT εi )
)]
(84)
+∇x·
{
4∑
i=1
[(
5
2
nεikB(T + εT
ε
i ) +
1
2
ε2min
ε
i (u
ε
i )
2
)
uεi + n
ε
iu
ε
i
q∗i (T + εT
ε
i )
qi(T + εT εi )
]}
= −EAε.
Taking the limit as ε→ 0 in equation (84), we obtain the balance equation for the energy of the mixture
in the form of equation (81). 
4.5 Limit equations
In this section, we summarize the results of Section 4 and write the limit equations when the angular
collision kernels of both the elastic bi-species and the reactive operators are odd functions of cos θ. By
recalling that, due to assumption b), in the limit as ε → 0, we have J i = niui, for all i = 1, 2, 3, 4,
and putting together the balance equations (70) and (74) for the number densities and momentum of
the constituents as well as the balance equation (81) for the total energy of the mixture, we obtain the
following macroscopic system of reaction-diffusion equations,
∂ni
∂t
+∇x·J i = −λiA, i = 1, 2, 3, 4,
∇x
(
nikBT
)
= −
4∑
j=1
j 6=i
njJi − niJj
Dij
, i = 1, 2, 3, 4, (85)
∂
∂t
[
4∑
i=1
ni
(
3
2
kBT +
q∗i (T )
qi(T )
)]
+∇x·
[
4∑
i=1
(
5
2
kBT +
q∗i (T )
qi(T )
)
J i
]
= −EA,
where A is the production term derived in Subsection 4.2 as the formal limit for ε → 0 of the the
approximate production term Aε given in equation (72). Moreover, Dij , for i = 1, 2, 3, 4, and i 6= j, are
diffusion coefficients that can be recovered from the production term Bi obtained in Subsection 4.3 as
the formal limit for ε→ 0 of Bεi . The production term A is given by
A =
[(
m3m4
m1m2
)3/2
n1n2
q1(T (t,x))q2(T (t,x))
exp
(
− E
kBT (t,x)
)
− n3n4
q3(T (t,x))q4(T (t,x))
]
× 4√
π(m3m4)2
Γ
(
γ + 2
2
)(
2kBT
µ34
)(γ−1)/2 ∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
exp
(
−I+I4
kBT
)
(86)
×Φreact(I, I4, R, r)breact(cos θ) cos θ (1 −R) dσdrdRdI4dI,
and the diffusion coefficients Dij are defined as
1
Dij
=
4
3
√
π
µ
(3−γ)/2
ij (2kBT (t,x))
(γ−1)/2 1
qi(T (t,x))qj(T (t,x))
Γ
(
γ + 4
2
)
(87)
×
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
exp
(
− I+Ij
kBT (t,x)
)
Φij(I, Ij , R, r) cos θ(1−R)bij(cos θ) dσdrdRdIjdI .
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The equations in the second row of (85) are the Maxwell-Stefan equations for the reactive mixture of
polyatomic gases considered in this paper. Upon specifying the kinetic and the angular kernels, the
integrals appearing in equations (86) and (87) can be evaluated explicitly and detailed expressions for
the reactive production terms A, EA and diffusion coefficients Dij can be obtained.
5 Conclusion
In this article we have derived a set of reaction diffusion equations of Maxwell-Stefan type for describing
a chemically reactive gaseous mixture composed of polyatomic species, which takes into account both the
presence of internal energy degrees as well as the chemical mass transfer among the constituents.
The starting point has been the kinetic model for reactive gases proposed by Desvillettes, Monaco
and Salvarani [19], which has been studied here under the standard diffusive scaling.
The form of the limiting equations (85) shows the influence of both the chemical reaction and the
polyatomic structure of the mixture on the evolution of the number densities of the constituents, as well
as on the evolution of the energy of the mixture. Moreover, the evolution equation of the momentum
of each constituent also shows the influence of the polyatomic structure of the mixture, through the
diffusion coefficients Dij , but it is not affected by the chemical reaction. This is due to the fact that the
considered chemical regime corresponds to a slow reaction, in which the reactive process, in comparison
with diffusion, has a small effect in the evolution.
We highlight that the target equations obtained here take into account the effect of chemical reactions,
which impose to work in the non-isothermal setting. Notice that the sum over the index i of the right
hand sides of the four (vectorial) equations appearing in the second line of the system (85) vanishes.
Therefore they do not constitute a set of four independent equations for the fluxes J i.
The limit equations are compatible with the internal energy law of polyatomic gases and the law of
mass action. At the equilibrium, from both equations (85) and the formulation of the source term (86),
the law of mass action reads
n1n2
n3n4
=
(
m1m2
m3m4
)3/2
q1(T (t,x))q2(T (t,x))
q3(T (t,x))q4(T (t,x))
exp
(
E
kBT (t,x)
)
,
which is exactly the same as in [19].
Of course, all the computations heavily depend on the choice of the functional forms of the weights ϕi
which can be – in principle – freely chosen, provided that they induce a macroscopic behavior consistent
with the physical situation under investigation.
In case of polytropic gases, the weights ϕi have the form ϕi(I) = I
αi , where αi = (k−2) ∈ N and k is
the number of atoms of the species i. The special case αi = 0 corresponds to diatomic molecules [19, 34].
Thanks to this choice of the weights ϕi we can compute
qi(T (t,x)) =
∫ +∞
0
Iαie−I/(kBT (t,x))dI = [kBT (t,x)]
αi+1(αi!) ,
with the convention 0! = 1, and analogously
q∗i (T (t,x)) =
∫ +∞
0
Iαi+1e−I/(kBT (t,x))dI = [kBT (t,x)]
αi+2(αi + 1)! .
The model is thus consistent with the energy law of polytropic molecules, which provides a linear depen-
dence on temperature T (t,x). More precisely, the total energy at the equilibrium state becomes
4∑
i=1
ni
(
3
2
kBT +
q∗i (T )
qi(T )
)
=
4∑
i=1
ni
(
3
2
+ αi + 1
)
kBT (t,x).
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Because of the total conservation of the mass during the chemical reaction (i.e. α1 + α2 = α3 + α4), we
can conclude that
q1(T (t,x))q2(T (t,x))
q3(T (t,x))q4(T (t,x))
=
(α1!)(α2!)
(α3!)(α4!)
,
which is a constant and does not depend on the temperature. In particular, it is equal to one as soon as
(α1!)(α2!) = (α3!)(α4!).
Of course, more complicated weights ϕi should be chosen to reproduce situations with non–polytropic
gases, for which total energy is made up also by exponential functions of the global temperature, as it
occurs for instance in the kinetic description involving a set of discrete internal energies for each gas [7].
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Appendix – Proofs of the Properties
In part (A) of this appendix, we give the central ideas to prove Proposition 9 stated in Subsection 4.1.
Then, in parts (B) and (C), we give some details of the computation of the production terms A and Bi
appearing in the limiting equations derived in Subsections 4.2 and 4.3, respectively.
(A) Proof of Proposition 9, Subsection 4.1.
By expanding the quadratic term in the first exponential appearing in the Maxwelllian (49), one can split
it into three exponentials. Taylor expanding with respect to ε the resulting four exponentials as well as
the other two terms in front of the exponentials, we can write fεi in the form
f εi =
nεi
qi(T )
(
mi
2πkBT
)3/2
exp
(
−miv
2
2kBT
− I
kBT
)
×
[
1 + ε
miv ·uεi
kBT
+ ε
miv
2T εi
2kBT 2
+ ε
IT εi
kBT 2
− ε q
∗
i (T )
kBTqi(T )
T εi
T
− 3
2
ε
T εi
T
+O(ε2)
]
where q∗i (T ) has been defined in (62), and similar expansions hold for f
ε
j , f
ε′
i , f
ε′
j as well as for f
ε′
k , f
ε′
l .
To prove part (a), we perform the products f ε
′
i f
ε′
j , f
ε
i f
ε
j and use the conservation of energy for elastic
collisions given in (9), to obtain
f ε
′
i f
ε′
j − f εi f εj
= M εiM
ε
j
{
ε
[
uεi ·mi(v′i − v)
kBT
+
uεj ·mj(v′j − vj)
kBT
+
T εi
kBT 2
(
mi(v
′
i)
2
2
− miv
2
2
+ I ′i − I
)
− T
ε
j
kBT 2
(
mjv
2
j
2
− mj(v
′
j)
2
2
+ Ij − I ′j
)]
+O(ε2)
}
. (88)
Using the conservation of momentum (8) for the two first addends within the brackets and the conservation
of energy (9) for the next two addends, we obtain the result stated in equation (59). Therefore, part (a)
of Proposition 9 is proven.
Similarly, to prove part (b), we perform the products f ε
′
k f
ε′
l , f
ε
i f
ε
j and we obtain(
mimj
mkml
)3
f ε
′
k f
ε′
l − f εif εj
=
(
mimj
mkml
)3
nk
qk(T )
nl
ql(T )
(mkml)
3/2
(2πkBT )3
exp
(
−mk(v
′
k)
2 +ml(v
′
l)
2
2kBT
− I
′
k + I
′
l
kBT
)
×
[
1 + ε
mku
ε
k ·v′k
kBT
+ ε
mkT
ε
k (v
′
k)
2
2kBT 2
+ ε
T εk I
′
k
kBT 2
− εT
ε
k
T
q∗k(T )
kBTqk(T )
− ε3T
ε
k
2T
+ ε
mlu
ε
l ·v′l
kBT
+ ε
mlT
ε
l (v
′
l)
2
2kBT 2
+ ε
T εl I
′
l
kBT 2
− εT
ε
l
T
q∗l (T )
kBTql(T )
− ε3T
ε
l
2T
+O(ε2)
]
− ni
qi(T )
nj
qj(T )
(mimj)
3/2
(2πkBT )3
exp
(
−mi(v)
2 +mj(vj)
2
2kBT
− I + Ij
kBT
)
×
[
1 + ε
miu
ε
i ·v
kBT
+ ε
miT
ε
i v
2
2kBT 2
+ ε
T εi I
kBT 2
− εT
ε
i
T
q∗i (T )
kBTqi(T )
− ε3T
ε
i
2T
+ ε
mju
ε
j ·vj
kBT
+ ε
mjT
ε
j v
2
j
2kBT 2
+ ε
T εj Ij
kBT 2
− εT
ε
j
T
q∗j (T )
kBTqj(T )
− ε3T
ε
j
2T
+O(ε2)
]
.
25
Putting together terms of the same order in ε, we obtain the result stated in equation (60). Therefore,
part (b) of Proposition 9 is also proven. 
(B) On the computation of the production term Aε appearing in Subsections 4.2.
The production rate corresponding to species i = 3 is provided by
Aε =
∫
R3
∫ +∞
0
Qreact3 ϕ3(I)dIdv
=
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
[(
m3m4
m1m2
)3
M ε
′
1 M
ε′
2 −M ε3M ε4
]
V γ−1H3 (89)
× Φreact(I, I4, R, r) 2 cos θ(1 −R)
ϕ3(I)(m3m4)2
dσdrdRdI4dIdv4dv+O(ε).
Using the form (63) for the distribution function, together with the conservation of total energy (11) for
reactive collisions, we obtain,(
m3m4
m1m2
)3
M ε
′
1 M
ε′
2 −M ε3M ε4
=
(m3m4)
3/2(
2πkBT
)3
[(
m3m4
m1m2
)3/2
nε1n
ε
2
q1(T )q2(T )
exp
(
− E
kBT
)
− n
ε
3n
ε
4
q3(T )q4(T )
]
× exp
(
−m3v
2 +m4(v4)
2
2kBT
− I+I4
kBT
)
.
(90)
Substituting expression (90) into Equation (89), then transforming to the center of mass velocity X =
(m3v +m4v4)/M (with M = m3 +m4) and relative velocity V = v4 − v, and taking into account the
trivial definition of the Heaviside function H3, we get
Aε =
(m3m4)
3/2(
2πkBT
)3
[(
m3m4
m1m2
)3/2
nε1n
ε
2
q1(T )q2(T )
exp
(
− E
kBT
)
− n
ε
3n
ε
4
q3(T )q4(T )
]
×
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
exp
(
−MX
2 + µ34V
2
2kBT
)
exp
(
−I+I4
kBT
)
(91)
×V γ−1Φreact(I, I4, R, r)2breact(cos θ)(m3m4)−2cos θ (1− R) dσdrdRdI4dIdXdV.
Now, the integral in X results in
∫
R3
exp
(
−MX
2
2kBT
)
dX =
(
2πkBT
M
)3/2
, (92)
since ∫
R3
exp
(
−MX
2
2kBT
)
dX =
∫ +∞
0
∫ pi
0
∫ 2pi
0
X2 exp
(
−MX
2
2kBT
)
sin θ dφ dθ dX
= 4π
∫ +∞
0
X2 exp
(
−MX
2
2kBT
)
dX.
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Evaluating the previous integral using definition (68) gives the result in (92).
Also, the integral in V results in
∫
R3
V γ−1 exp
(
−µ34V
2
2kBT
)
dV = 2π
(
2kBT
µ34
)(γ+2)/2
Γ
(
γ + 2
2
)
. (93)
Indeed, ∫
R3
V γ−1 exp
(
−µ34V
2
2kBT
)
dV =
∫ +∞
0
∫ pi
0
∫ 2pi
0
V γ+1 exp
(
−µ34V
2
2kBT
)
sin θ dφ dθ dV
= 4π
∫ +∞
0
V γ+1 exp
(
−µ34V
2
2kBT
)
dV.
Evaluating the previous integral using definition (68) gives the result in (93).
Finally, substituting equations (92) and (93) into Equation (91), we obtain the desired expression for Aε
given in (72).
(C) On the computation of the simple form of the production term Bi appearing in Equation (76) of
Subsection 4.3.
To prove part (C1) it is enough to show that∫
S2
σbij(cos θ) cos θdσ = 0. (94)
To see this, observe that∫
S2
σbij(cos θ) cos θdσ
=
∫ pi
0
∫ 2pi
0
(
xˆ sin θ cosφ+ yˆ sin θ sinφ+ zˆ cos θ
)
bij(cos θ) cos θ sin θ dφdθ
= xˆ
∫ pi
0
bij(cos θ) sin
2 θ cos θdθ
∫ 2pi
0
cosφdφ︸ ︷︷ ︸
0
+yˆ
∫ pi
0
bij(cos θ) sin
2 θ cos θdθ
∫ 2pi
0
sinφdφ︸ ︷︷ ︸
0
+ zˆ
∫ pi
0
bij(cos θ) sin θ cos
2 θdθ︸ ︷︷ ︸
0, since bij(cos θ) is odd
∫ 2pi
0
dφ.
To prove part (C2) we first transform to the centre of mass velocity and relative velocity and obtain∫
R3
∫
R3
(aij ·V)vM εiM εj V γ−1dvjdv
=
nεin
ε
j
qiqj
(mimj)
3/2
(2πkBT )3
exp
(
−I+Ij
kBT
)∫
R3
∫
R3
(aij ·V)
(
X− mjV
mi +mj
)
exp
(
−MX
2+µijV
2
2kBT
)
V γ−1dV dX
=
nεin
ε
j
qiqj
(mimj)
3/2
(2πkBT )3
exp
(
−I+Ij
kBT
)[∫
R3
Xexp
(
−MX
2
2kBT
)
dX
∫
R3
(aij ·V)exp
(
−µijV
2
2kBT
)
V γ−1dV
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−
∫
R3
exp
(
−MX
2
2kBT
)
dX
mj
mi +mj
∫
R3
V(aij ·V) exp
(
−µijV
2
2kBT
)
V γ−1dV
]
. (95)
Next we compute the integrals in X and V on the right hand side of Eq. (95). We use the fact that any
vector can be written in terms of a unit vector, i.e. V = V ~v, X = X~x, where X=‖X‖, V =‖V‖. Also,
we expand the unit vectors ~v and ~x in terms of the Cartesian unit vectors xˆ, yˆ, zˆ in R3. Finally, we use
the notation aij ·V = ‖aij‖ ‖V‖ cos θ = aijV cos θ.
(a) For the first integral in X appearing in the last equality of (95), we obtain∫
R3
X exp
(
−MX
2
2kBT
)
dX = 0, (96)
since∫
R3
X exp
(
−MX
2
2kBT
)
dX=
∫
R3
X~x exp
(
−MX
2
2kBT
)
dX
=
∫ +∞
0
∫ pi
0
∫ 2pi
0
X
(
xˆ sin θ cosφ+ yˆ sin θ sinφ+ zˆ cos θ
)
exp
(
−MX
2
2kBT
)
X2 sin θ dφdθdX
= xˆ
∫ +∞
0
X3 exp
(
−MX
2
2kBT
)
dX
∫ pi
0
sin2 θ dθ
∫ 2pi
0
cosφ dφ︸ ︷︷ ︸
0
+ yˆ
∫ +∞
0
X3 exp
(
−MX
2
2kBT
)
dX
∫ pi
0
sin2 θdθ
∫ 2pi
0
sinφdφ︸ ︷︷ ︸
0
+ zˆ
∫ +∞
0
X3 exp
(
−MX
2
2kBT
)
dX
∫ pi
0
sin θ cos θdθ︸ ︷︷ ︸
0
∫ 2pi
0
dφ = 0.
(b) The second integral in X appearing in the last equality of (95) has been evaluated in part (B) of
this Appendix, see Equation (92).
(c) For the first integral in V appearing in the last equality of (95), we obtain∫
R3
(aij ·V) exp
(
−µijV
2
2kBT
)
V γ−1dV = 0 (97)
since∫
R3
(aij ·V) exp
(
−µijV
2
2kBT
)
V γ−1dV =
∫
R3
aijV cos θ exp
(
−µijV
2
2kBT
)
V γ−1dV
=aij
∫ +∞
0
∫ pi
0
∫ 2pi
0
V γ+2 exp
(
−µijV
2
2kBT
)
sin θ cos θdφdθdV
=aij
∫ +∞
0
V γ+2exp
(
−µijV
2
2kBT
)
dV
∫ pi
0
sin θ cos θdθ︸ ︷︷ ︸
0
∫ 2pi
0
dφ︸ ︷︷ ︸
2pi
.
Observe that the integral with respect to V in the previous line can be evaluated using the expres-
sion (68).
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(d) Lastly, for the second integral in V appearing in the last equality of (95), we obtain
∫
R3
(aij ·V)V exp
(
−µijV
2
2kBT
)
V γ−1dV =
2π
3
aij Γ
(
γ + 4
2
)(
2kBT
µij
)γ+4
2
, (98)
since ∫
R3
(aij ·V)V exp
(
−µijV
2
2kBT
)
V γ−1dV
=
∫
R3
(aij cos θ)V
2V γ−1~v exp
(
−µijV
2
2kBT
)
dV
=
∫ +∞
0
∫ pi
0
∫ 2pi
0
(aij cos θ)V
2
(
xˆ sin θ cosφ+ yˆ sin θ sinφ+ zˆ cos θ
)
× V γ−1 exp
(
−µijV
2
2kBT
)
V 2 sin θ dφdθdV
= aij xˆ
∫ +∞
0
V γ+3exp
(
−µijV
2
2kBT
)
dV
∫ pi
0
sin2 θ cos θdθ
∫ 2pi
0
cosφdφ︸ ︷︷ ︸
0
+ aij yˆ
∫ +∞
0
V γ+3exp
(
−µijV
2
2kBT
)
dV
∫ pi
0
sin2 θ cos θdθ
∫ 2pi
0
sinφdφ︸ ︷︷ ︸
0
+ aij zˆ
∫ +∞
0
V γ+3 exp
(
−µijV
2
2kBT
)
dV
∫ pi
0
sin θ cos2 θdθ︸ ︷︷ ︸
2
3
∫ 2pi
0
dφ︸ ︷︷ ︸
2pi
=
2π
3
aijΓ
(
γ + 4
2
)(
2kBT
µij
)γ+4
2
,
where we have used definition (68) for the integral with respect to V to obtain the last equality.
To conclude the proof of part (C2), it is enough now to substitute expressions (92), (96), (97) and (98)
into equation (95) and we obtain expression (80).
To prove part (C3), observe that using the definition of v′i given in (54), we obtain that
mi(v
′
i)
2
2
− miv
2
2
+ I ′i − I=
(
m3i
2(mi+mj)2
−mi
2
)
v2 +
mjµijv
2
j
2(mi+mj)
+
miµij(v ·vj)
mi +mj
+
miµij(v ·σ)
mi +mj
(
2RE
µij
)1
2
+
mjµij(vj · σ)
mi +mj
(
2RE
µij
) 1
2
+
mjµij
2(mi +mj)
(
2RE
µij
)
+ I ′i − I.
Substituting the previous expression into the third term on the right hand side of Equation (75) and then
expanding, we obtain that such term can be given by
4∑
j=1
j 6=i
T εi − T εj
kBT 2
(
m3i
2(mi+mj)2
−mi
2
)∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
vv2M εiM
ε
j V
γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
T εi − T εj
kBT 2
mjµij
2(mi+mj)
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
vv2jM
ε
iM
ε
j V
γ−1Φij(I, Ij , R, r)
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×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
T εi − T εj
kBT 2
miµij
mi +mj
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
v(v ·vj)M εi M εj V γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
T εi −T εj
kBT 2
miµij
mi +mj
(
2RE
µij
)1
2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
v(v ·σ)M εiM εj V γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv (99)
+
4∑
j=1
j 6=i
T εi −T εj
kBT 2
mjµij
mi +mj
(
2RE
µij
)1
2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
v(vj ·σ)M εi M εj V γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
T εi − T εj
kBT 2
mjµij
2(mi +mj)
(
2RE
µij
)∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
vM εiM
ε
j V
γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
+
4∑
j=1
j 6=i
T εi − T εj
kBT 2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
vI ′iM
ε
iM
ε
j V
γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv
−
4∑
j=1
j 6=i
T εi − T εj
kBT 2
∫
R3
∫
R3
∫ +∞
0
∫ +∞
0
∫ 1
0
∫ 1
0
∫
S2
vIM εiM
ε
j V
γ−1Φij(I, Ij , R, r)
×2 bij(cos θ) cos θ(1 −R) dσdrdRdIjdIdvjdv.
Transforming the above integrals into the center of mass velocity and relative velocity and then evaluating
the resulting integrals using the same strategy as in part (C2 ), we obtain that the six fold integrals in
v and vj vanish in the first, second, third, sixth, seventh and eight terms of the above expression (99).
Furthermore, using Equation (94), we conclude that the fourth and fifth terms of expression (99) also
vanish.
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